Introduction
The dependence of the solution of a partial di erential equation with respect to parameters is an interesting and well investigated problem. In contrast to this, the theory is less developed, if the parameter is a function of the solution of the partial di erential equation itself. If a partial di erential equation contains some type of nonlinearity, then the interesting problem arises, how the solution of the partial di erential equation depends on the function de ning the nonlinearity.
In this paper we consider a linear heat equation with a nonlinear boundary condition @u @n (t; x) = (u(t; x))(# ? u(t; x));
and a corresponding initial condition where is a su ciently smooth function de ning the nonlinearity of the corresponding parabolic initial boundary value problem. We consider the mapping 7 ! u between appropriate spaces.
This theoretical problem is connected with the cooling of hot steel in water, where boundary conditions of this type occur, cf. Zurdel/Brennecke 21], Hensel/ Tr oltzsch/v. Wolfersdorf 8] , and Hensel/Tr oltzsch 7]. Aiming to identify the (usually unknown) function from certain measurements some ideas from control theory can be used, cf. R osch/Tr oltzsch 16] . This leads in a natural way to the problem of Fr echet di erentiability of the mapping 7 ! u where is su ciently smooth. However, this question should also be solved for piecewise linear functions . In our opinion the Fr echet di erentiability of this mapping is a very interesting problem itself, too.
In literature many basic works on Fr echet di erentiability are known. In particular, di erentiablity of Nemytskij operators was studied in many papers and books. Most of them are devoted to operators in spaces of real-valued functions. We mention only the presentations of Appell 3] For investigations on Fr echet di erentiability of solutions of partial di erential equations with respect to parameters we only refer to Kunisch/White 12] and the references therein.
In this paper we shall prove the Fr echet di erentiability of the mapping which assigns the solution of the linear heat equation to a function describing the nonlinear boundary condition. We shall prove the Fr echet di erentiability of this mapping in two steps. First we investigate the Lipschitz continuity of the mapping. After this preparation we show the Fr echet di erentiability.
We are going to investigate the following parabolic initial boundary value problem @u @t (t; x) = x u(t; x) on (0,T] u(0; x) = u 0 (x) on (1:1) @u @n (t; x) = (u(t; x))(# ? u(t; We shall use for convenience semigroup methods for investigating the parabolic initial boundary value problem. Therefore, we shall discuss the Bochner integral formulation of this problem.
Interpreting the problem as a heating process, the variable u stands for the temperature of the material, u 0 is the initial temperature, # is the constant temperature of the surrounding medium, and denotes the heat transfer function.
The topic of this paper is closely connected with the problem to identify nonlinear heat transfer laws by optimal control. We refer to R osch/Tr oltzsch 16] and R osch 15].
Fr echet di erentiability of the solution of the heat equation 605 2. The initial boundary value problem and the integral formulation
In this section we introduce some notations and recall known results on the behaviour of the parabolic system (1.1), which belongs to the class of semilinear problems. For convenience we shall apply the theory of analytic semigroups. We shall heavily rely on results by Amann Now the semigroup approach can be applied. The operator ?A is known to generate a strongly continuous and analytic semigroup fS(t); t 0g of linear continuous operators in L p ( ), see Friedman 5] . N is a continuous mapping from L p (?) to W s p ( ) for all s < 1 + 1=p, cf. Triebel 17] .
Regarding Finally we de ne a mapping by ( )(t) = x(t); (2:14) where x(t) is the solution of the boundary integral equation (2.13). The underlying spaces are speci ed in the next sections. It is also possiple to work with weak solutions under reasonable assumptions, but in this case the derivation of the results is much more complicated.
Lipschitz continuity of the mapping
In this section we shall prove the Lipschitz continuity of the mapping
We investigate the behaviour of this mapping at a point 0 which ful ls our general assumptions (2.6) and (2.7). Let x 0 = ( 0 ) and 2 C 0;1 # 1 ; # 2 ] be a su ciently small increment. In other words, 0 is a given "'heat transfer function"', and x 0 is the boundary value of the corresponding solution u 0 of (1.1), x 0 (t; :) = u 0 (t; :). Then our general assumptions (2.6) and (2.7) hold for the element 0 + , too. Therefore, the associated solution x = ( 0 + ) is de ned. We denote the increment of the image by x, i.e. Next, the norm of the increment x will be estimated with respect to . Using our new notations we get x 0 (t) = 
x (s))ds + e t S(t)u 0 ; (3:2) 608 Arnd R osch are obtained. For simplicity we start to estimate the term II using a generic constant c.
Term II:
In view of our assumptions and the maximum principle we have #; 
The last inequality holds for all t 2 0; T].
To handle term I, similar estimates are needed. However, the situation is slightly more di cult. 
Using the assumptions (2.6) and (2.7), we estimate the inner term.
Applying this result, we arrive at
The preparatory step ends up with an integral inequality, which combines (3.5),(3. where h(t) = g(t) e ? t :
In this setting, is a positive real number which will be speci ed below. This norm is Inequality (3.7) expresses the Lipschitz continuity of the mapping from C 0;1 # 1 ; # 2 ] to C( 0; T] ?). This is the key relation to deal with the Fr echet di erentiability of this mapping.
Fr echet di erentiability of the mapping
Let us assume in addition that belongs to C 1 # 1 ; # 2 ]. The directional di erentiability of the mapping is proved in R osch/Tr oltzsch 16]. Moreover, we know the concrete form of this directional derivative. For that reason the expression for the Fr echet derivative is also known, provided that it exists. The main problem consists in the estimation of certain remainder terms.
According to section 3, x 0 and x are the solutions of the Bochner integral equation (2.13) corresponding to the functions 0 and 0 + , respectively. Analogously, we de ne x = x ? x 0 . In contrast to the last section we restrict ourselves to 0 and
In what follows we write x ? x 0 in the form x ? x 0 = 0 ( 0 ) + r: Keeping in mind equation (4.5), we are now able to estimate the remainder R. Fr echet di erentiability of the solution of the heat equation 615 5. Fr echet di erentiability of the mapping for piecewise differentiable functions For the numerical solution of identi cation problems it is convenient to work with piecewise linear functions . Therefore, it is desirable to generalize this theorem to Lipschitz continuous functions. We only sketch the arguments for this case. Let us investigate the existence of the integral (4.5) in this case.
It is well known that the derivative of a Lipschitz continuous function is measurable and bounded. Hence, 0 0 belongs to L 1 # 1 ; # 2 ]. But for the existence of the integral we need that the composition 0 0 (x 0 (t)) is measurable with respect to the time variable. That means that the pre-image of every set with measure zero should have measure zero, too.
Due to Lusin, we nd in literature the de nition of the N{property of a real function (see Natanson 14] ).
De nition:A real function f(x) has the N{property, if the image of each set of measure zero has measure zero, too. If we assume that the temperature is a strongly monotone function with respect to the time we have to require additionally the absolute continuity of the inverse function.
For instance, an estimation of the form jt 2 ? t 1 j jx(t 2 ; ) ? x(t 1 ; )j ful ls this requirement. However, such a type of assumption it is di cult to verify.
For that reason we shall restrict ourselves only to the simpler case of piecewise C 1 { functions with a nite number of jumps of the derivative. Then we are able to generalize our di erentiability theorem using an additional assumption.
Additional assumption: The boundary temperature x(t; ) = u(t; ) is at every xed boundary point a strongly monotone function with respect to the time. It is di cult to ensure this assumption. Nevertheless, from the physical point of view this assumption is natural, keeping in mind that we regard a cooling process without any outer in uences.
Remark: We need the additional assumption and the piecewise di erentiability only to ensure the measurability of the function 0 0 (x 0 ). Requiring a-priorily the measurability of this function 0 0 (x 0 ) the additional assumption is not needed.
Using the additional assumption, it is possible to prove that 0 0 (x 0 ) belongs to L 1 ( 0; T] ?). It is well known that this space is not embedded in L 1 ( 0; T]; L 1 (?)). However, the embedding of L 1 ( 0; T] ?) into L p 1 ( 0; T]; L p 2 (?)) with arbitrary chosen p 1 and p 2 is continuous. So we can ensure the existence of the integral in equation (4.5) in the case of piecewise C 1 {functions. We can nd some useful properties of such embeddings in Hille/Phillips 9].
We are able to use equation (4.5) for our proof in this case. But in contrast to our rst proof, we must split the integrals itself in these ve parts.
Only the rst and the third integral contain new di culties. Now the function 0 0 is not a uniformly continuous function and consequently we must not use the inequality (4.6). We restrict ourselves to the estimation of the rst integral. Analogously, we can deal with the third integral.
For our purpose we apply the following idea. Assume that a sequence of L 1 { functions g n is given with the following properties a) g n converges almost everywhere to 0 for n ! 1, 616 Arnd R osch b) jg n (t; )j < C 8n; t; . g n converges to 0 in the sense of L p ( 0; T] ?) according to the Lebesgue dominated convergence theorem. This implies that g n converges to 0 in the sense of L p ( 0; T]; L p (?)), too. Using embedding arguments, we get for su ciently large p kG n k C( 0;T] ?) ! 0, if
Now we consider a sequence of increments n . We denote the solutions of the integral equation (2.13) by x n = ( 0 + n ) and the corresponding increments by x n = x n ? x 0 .
We assume that n tends to 0 in the norm of C 0;1 # 1 ; # 2 ]. The Lipschitz continuity of our mapping implies that x n tends to 0 in C( 0; T] ?).
Let us set in the rst integral g n (s) = # ( 0 (x n (s)) ? 0 (x 0 (s)) ? 0 0 (x 0 (s)) x n (s)) k x n k C( 0;T] ?) :
Returning from this formulation, we obtain the property g n (s; ) ! 0 for n ! 1;
if 0 is di erentiable at the point x 0 (s; ). The function 0 is non{di erentiable at most at a nite number of temperature points. Using our additional assumption, we get that 0 0 (x 0 (s)) does not exist on a set of measure 0. We summarize this result in a nal theorem. Alltogether we have shown the Fr echet di erentiability of the solution of the heat equation 617 Theorem 2. Let 0 be a C 0;1 # 1 ; # 2 ]{function which ful ls the assumptions (2:6){ (2:9) with a nite number of jumps of the derivative. Furthermore let the boundary temperature x 0 = ( 0 ) be a strongly monotone function in every boundary point with respect to time. Then the mapping is Fr echet di erentiable from C 0;1 # 1 ; # 2 ] to C( 0; T] ?) in the point 0 .
Finally, we express the Fr echet derivative 0 ( 0 ) in terms of partial di erential equations. Let v be the solution of the initial boundary value problem @v @t (t; x) = x v(t; x) on (0,T] v(0; x) = 0 on (5:4) @v @n (t; x) = ( 0 0 (u 0 (t; x))(# ? u(t; x)) ? 0 (u 0 (t; x)))v + (u 0 (t; x))(# ? u 0 (t; x)) on (0,T] ?:
The Fr echet derivative 0 ( 0 ) is the trace of the solution v on the boundary ?.
